We give subquadratic bounds on the maximum length of an Ü-monotone path in an arrangement of Ò lines with at most ÐÓ ÐÓ Ò directions, where is a suitable constant. For instance, the maximum length of an Ü-monotone path in an arrangement of Ò lines having at most ten slopes is Ç´Ò ¿ µ. In particular, we get tight estimates for the case of lines having at most five directions, by showing that previous constructions -ª´Ò ¿ ¾ µ for arrangements with four slopes and ª´Ò ¿ µ for arrangements with five slopes -due to Sharir and Matoušek respectively, are (asymptotically) best possible.
Introduction
Consider a set Ä of Ò lines in the plane. The lines of Ä induce a cell complex, ´Äµ, called the arrangement of Ä, whose vertices are the intersection points of the lines, whose edges are the maximal portions of lines containing no vertices and whose two-dimensional cells are the connected components of Ê ¾ Ò ¾Ä . It will be further assumed that none of the lines is parallel to the Ý-axis. Other than that, parallel or concurrent lines are permitted. One of the properties of a line arrangement with Ò lines is the maximum possible length, denoted by Ò , of an Ü-monotone polygonal line (path) composed of edges of the arrangement. The length is defined as the number of turns of the polygonal line plus one (i.e., the number of segments of the polygonal path). See [6] for other properties of line arrangements.
The problem to estimate Ò was posed in [4] . An interesting application of this problem can be found in [11] . Sharir established an ª´Ò ¿ ¾ µ lower bound (see [3, 4] ), which was later improved to ª´Ò ¿ µ by Matoušek [5] . Recently Radoičić and Tóth [9] have raised it to ª´Ò µ, and very recently, Balogh, Regev, Smyth, Steiger and Szegedy [1] A very slight improvement of this bound, which only concerns the constant factor was mentioned in [9] :
½¾. This was later improved by Pór to Ò ¿Ò ¾ ½¼ [8] .
As a -perhaps intimately -related problem, Matoušek [5] has also considered arrangements of pseudolines, and longest monotone paths in such arrangements. 1 For this case, a lower bound of ª´Ò ¾ ÐÓ Òµ was given (and obviously the Ç´Ò ¾ µ upper bound still holds).
Another related problem is the -level (or its dual, the -set) problem in the plane. The -level of an arrangement of Ò lines is the closure of the set of points on the lines with the property that there are exactly Remark. The upper bounds in (iv),(v), (vi) and (vii) are special cases of (viii), as it is also the example mentioned in the abstract. Note that (viii) also yields (ii) and (iii) up to multiplicative constant factors.
Proof of the Theorem
The lower bounds in (i),(ii) are immediate. For (iii), the following construction due to Pálvölgyi [7] gives an exact bound. If Ò is even, use a bundle of Ñ horizontal lines, a bundle of Ñ near vertical parallel lines of positive slope, so that they form a regular grid -like structure and two (diagonal) lines of slope ½; an example with Ñ is illustrated in Fig. 1 . If Ò is odd, add one more horizontal line, see Fig. 1 . The path outlined in the figure has length ¾Ò ¿. For (iv), we note that the ª´Ò ¿ ¾ µ construction of Sharir mentioned in the Introduction (see [3, 4] ) uses only four slopes. For illustration, we reproduce it in the Appendix (Fig. 4) . For (v), we note that the ª´Ò ¿ µ construction of Matoušek [5] uses only five slopes. Both constructions can in fact be realized by arrangements of lines in which no two lines are parallel, but they are most easily described in terms of four or five directions. Case 1: and intersect before entering -see Fig. 2 (left). Assume without loss of generality (flipping the figure gives the other case) that Ô intersects at some point , before intersecting at some point . Draw a line parallel to passing through . Since is a line of minimum slope which intersects Ô , the portion of Ô right of must lie on or above and thus cannot intersect inside , which is a contradiction.
Case 2: and intersect after leaving -see Fig. 2(right) . Assume without loss of generality that Ô intersects at some point , before intersecting at some point . Since is a line of minimum slope which intersects Ô , the portion of Ô right of must lie on or above and thus cannot intersect inside , which is a contradiction. The argument remains the same for unbounded cells. See also Fig. 3 for an illustration of the case .
¾
We return to the proof of Theorem 1.
(i) Trivially, since all lines are parallel, each monotone path follows exactly one line and the number of turns on any such path is ¼.
(ii) The bound follows from the next lemma. 
We distinguish two cases:
Case 1: Ò ½ Ñ ¾ . This implies using (5) that
Note that´Ñ
since (8) is equivalent to
which is clearly satisfied. So (7) implies that
Using (6) we have
Note that´¾
since ( 
¾ 3 Concluding remarks
Possibly, the factor in Theorem 1(viii) could be removed by a more careful calculation. However this would not extend the range of -in terms of Ò -for which Corollary 2 gives a subquadratic bound.
Most likely, the Fibonacci numbers present in the exponents of our bounds have little to do with the right order of magnitude of Ä ´Òµ for small values of , and their presence is probably only an artifact of our proofs. For example, one can check that the ª´Ò µ construction of Radoičić and Tóth can be realized using only six slopes -thus Ä ´Òµ ª´Ò µ -while our upper bound is Ç´Ò µ. This is a possible start point, if one wants to establish better bounds for small values of . Similarly, for fixed , the recent construction due to Balogh, Regev, Smyth, Steiger and Szegedy gives Ä ´Òµ ª´Ò ¾ ¾ µ.
Of course, the most interesting question is to give a subquadratic upper bound for an arbitrary number of directions (as it is generally believed to hold). Which of the ideas from our note (if any) may be useful for this purpose, remains to be seen.
